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A Alternative measure of comovement

Chen, Singal, and Whitelaw (2016) (CSW) propose an alternative measure of comove-
ment based on univariate regressions which is more appropriate in the case of event
studies. The measurement issues raised by CSW are quite valid in the context of an
event study in which a particular stock is switching index. In this section, I first discuss
why I do not believe that this alternative measure is appropriate in my setup and then

present results estimated using the CSW approach.

A.1 Discussion of the univariate regression approach

My setup is different than the one disucssed by CSW in that I am measuring time
series changes in the average comovement among all index stocks. In this context,
the univariate regression approach of CSW is not appropriate as it cannot capture the
effect under study.

To illustrate this, let’s assume the driving processes for returns are

Y = b fr + crun + ey,
T = by fy + crugy + ey,

Tor = bafy + couar + egy, (A1)

where xq; represents an index comprised of a large number of stocks with the same
return process y; and x9; is a second index. Because all stocks in index 1 have the same
loadings b; and ¢; on f; and uy, index 1 also has the same loadings.

In this context, an increase in average index-linked comovement would come from



an increase in ¢; and a corresponding decrease in by, assuming that the total variance
of the index in unaffected.

In the univariate regressions

Y = a+ Bixy + &,

Yr = o+ Paxar + &y, (A.2)

the probability limit of the slope coefficient estimates are

cov (Y, T1t)
var(ryy)

b=

g, = VW T2) (A.3)

var(xa)
With the given dynamics, the slope estimates become
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Clearly, an increase in ¢; would not cause any change in 5, and $; would remain
very close to one, assuming that o2 is small relative to var(zy;). If the increase in
c1 is accompanied by a decrease in by, then (B, would decrease. This corresponds
to empirical results obtained by replicating the main results of the paper using the

univariate regression approach presented in the next section.



A.2 Main results revisited with univariate regressions

To match the univariate regression approach of CSW, I estimate comovement [“"s

from the following regressions:

univ

R+ = aspsoo,; + B8p500,t8sp500,t + Usps00,,t

uUniv
Rj,t = (nonSP500,j + BjynonSP5007tRnonSP5OO,t + UnonSP500,j,t (A5>

where Rgspsoo+ is the value-weighted return of the S&P 500 stocks portfolio (excluding
stock j) and Ryon-spsoos is the value-weighted return of the rest of the market.

Figure A.1 of the appendix replicates Figure 6 from the main text, replacing the
bivariate s by the CSW univariate $s. Consistent witth the discussion in the previous
section, I find that the average 8§54, is stable through time, remaining close to one.
The average 5ggggp5007t is also quite stable close two one, with the exception of two
outlier years.

I next reestimate the regressions presented in Table 1 of the main text using the
CSW univariate fs. Results presented in Table A.1 of this appendix show that the

estimate for Ap; is small and negative, while the estimate for Afs, is larger and negative.

However, none of these estimates is statistically significant.

B Proofs and model derivation

B.1 Setup

This section provides additional details on the model presented in Section 3.



B.1.1 Information structure

Uncertainty is represented by a filtered probability space (€2, F,F,P) on which is de-
fined a 3-dimensional vector of independent Brownian motions Z = [Z; Zy Z3]'. The
filtration F = {F;} is the augmentation under P of the filtration generated by Z. The
o-field F; represents the information available at time ¢ and the probability measure P
represents the agent’s common beliefs. Stochastic processes to follow are progressively

measurable with respect to F and equalities involving random variables hold P-a.s.
B.1.2 Consumption space

There is a single perishable good, the numeraire. The agents’ consumption set C is
given by the set of non-negative progressively measurable consumption rate process ¢;

with [} |e,]dt < oo, VT € [0, 00).
B.1.3 Securities market

The investment opportunities are represented by a locally riskless bond earning the
instantaneous interest rate r and three risky stocks, representing claims to exogenously

given strictly positive dividend processes D;, + = 1,2, 3, with

D;
——at = uDdt + O'DdZD

Ly 1,2,3 Al
o i€ {123} (A1)

where Zp ; are standard Brownian motions' with equal pairwise correlation coefficients

pp. The aggregate dividend is defined as Dy = Z?:l D, and the index dividend is

lz p,i are linear combinations of the fundamental independent Brownian motions Z; defined in

B.1.1. For more details about the transformation, see Appendix C.
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defined as Dy = Z?Zl DM.Q The initial bond value is normalized to unity so that the

bond price process is given by

t
B, = exp (/ rsds> . (A.2)
0
The stock price processes can be defined as
dS@t = (Sz-,t,ui,t — Du)dt -+ Sz’,to'i,tdZt; (AS)

where i, is the 3-dimensional column vector with p;; as the ith element and o, is
the 3 x 3 matrix with o;; as the ith column. The instantaneous covariance matrix is
¥t = oy0;. Both iy and oy are determined endogenously in equilibrium.

Stock return processes can be defined from stock prices and dividends as

dS;; + Dy di

dR;, =
! Sit

= Mi,tdt + O-i,tdZt' (A4)

The supply of each stock is normalized to one share, while the bond is in zero net
supply. There exist a value-weighted index with stocks 1 and 2 as its constituents.

The third stock is a non-index stock.
B.1.4 The index and the market

The basket of stocks 1 and 2 is called the index I, which by construction represents
a value-weighted index, and the basket of stocks 1, 2 and 3 is called the market M.

The index and market baskets therefore also pay dividend streams with dynamics as

2See Appendix B.1 for details on the market and the index portfolios.



described in (A.1), with the exception that their variance parameters have the form:

28182 9
PR L . A5
0D, (51 +82)2( PD) 0D ( )
Opy = [1— 2(5182 + s153 + $253)(1 — pp)| o5, (A.6)

where s; is the weight of share of dividends of asset i:

" Dy+Dy+ Dy’

i€ {1,2,3). (A7)

Si

Let w;,; denote the market weight of stock ¢ at time ¢ such that Z?;l w;r = 1 and let
wiy = wig/(wiy + way) denote the weight of asset ¢+ € {1,2} in the index. Then the

index return moments are

fre = Wi i1 + Wi iag, (A.8)

O'%t = (w{7t)2(7%t + (Wé,t)QUS,t + Qw{’twitcorr(le’t, dZ21)014024. (A.9)

)

B.1.5 Trading strategies

Trading takes place continuously. An admissible trading strategy is a 4-dimensional
vector process (a,7y), where 7 is an 3-dimensional column vector with ~; as its ith
element and oy and ;; denote the amounts invested at time ¢ in the bond and in stock
i, satisfying the required regularity conditions.?

A trading strategy («,7y) is said to finance the consumption plan ¢ € C if the

corresponding wealth process W = « + 1’y satisfies the dynamic budget constraint

AWy = [ayry + ’V,i,ut — ¢]dt + [%Gt]dZt, (A.10)

3See pp.234-235 of Back (2010) for a formal presentation of the required regularity conditions.



where 1 is a 3-dimensional column vector of ones.
B.1.6 Agent’s preferences and endowments

There are two representative agents, an active investor 4 and an indexer Z, both with

time-additive log-normal utility functions:

U (c) = E, [ [ e og(eswm)dr| s j € {A.T) (A11)

for some common rate of time preference 6 > 0 and individual consumption c;.
Agents differ by their endowment and by their investment opportunity set. The
indexer is endowed with a fraction 3 of each index stocks while the active investor owns
(1 — f3) share of each index stock and one share of the non-index stock. The indexer
faces an exogenous constraint that limits her investment opportunity set to the bond
and the index portfolio, according to index weights, which are endogenous. The active

investor is unconstrained and faces a complete market.
B.1.7 Equilibrium

Let £ = ((Q, F,F,P), D1, Dy, D3, Uy, Us, B) denote the primitives for the economy. An
equilibrium for the economy £ is an interest rate stock price process (r,.S) and a set
{e;, (a},77)}, J € {A, T} of consumption and admissible trading strategies for the two

agents such that:
L. (aj,v;) finances c; for j € {A,Z};

2. ¢ maximizes U4 over the set of consumption plans ¢ € C financed by an admis-

sible trading strategy («,~y) € v with ag + 41 = (1 — 5)[S1.0 + S2.0] + Ss.0;



3. ¢; maximizes Uz over the set on consumption plans ¢ € C financed by an admis-

sible trading strategy (a,v) € v with ag + 7)1 = S[S1.0 + Sa2.0], Vit = 717t&f+

t
Sat

for i = 1,2 where ;7 is the amount invested in the index and ~3 = 0;
4. all markets clear: ¢y +¢; = D, ay + o7 =0 and v +v; = S.
B.2 Agents’ problem
Agent j’s optimization problem at time t is to maximize her time additive utility:

Ujr = E, [/t e 0=t log cj,sds] (A.12)

subject to her budget constraint. Formally, this gives:

Sj,s

C;i ods
gj,t ®

max U;,; subject to E; [/ < Wi, (A.13)
0

where ;; is the marginal utility of agent j at time ¢. The first order condition is:

»gj’s — ¢ 051 (A.14)

K = s
g3 "
where k; is the Lagrange multiplier on the budget constraint and §;, is a process given

by:

Ay
&t

= —Tthdt — Hg,tdZt‘ (A15)

where 0, is the price of risk process for agent j. Note that the process can also be

written with respect to the dividend basis and the market basis* as:

&

4For a definition of the different bases, see Appendix C.

= —1jdl — g;‘,tdZD,t = —r;dt — Q;tdzt- (A.16)




The rationale for using two different bases, in addition to the initial Brownian motions
7, is that each of the two new bases simplifies the derivation of the solution for a part
of the problem and involves independent Brownian motions, which are easier to deal
with. It is simpler to solve for optimal portfolios and market clearing under the market
basis. However, the market basis transformation depends on stock return covariances,
so it is not appropriate to solve for equilibrium price dynamics. The dividend basis is
more useful for that purpose.

Since both agents trade in the bond, in equilibrium they should have the same
riskless rate (i.e. rzy = ra; = ri.) However their different investment opportunity
sets means they will face different market price of risk. Following the convex duality
methodology approach of Cvitani¢ and Karatzas (1992), I define a fictitious market
which the indexer views as complete. In the current setup with log ulity, the market
price of risk in the fictitious market is the same as in the incomplete market (see
Example 7.2 on p.304 Karatzas and Shreve (1998) for more details.) The idea is to
create a fictitious market for agent Z by replacing the expected return on asset ¢ by
i (V) = p; +1; such that in equilibrium she chooses not to hold the unavailable asset,

and to hold the index assets according to index weights. In the present setup,

1/2

W = argming, [ (1 (8) = 7, p2(8) =, pa() = )Z () = 7y o () = 7, s (80) — 7|
(A.17)

Substituting the 1 obtained in (A.17) in the shadow market price of risk of the indexer



I obtain, under the market basis:

I I
o1Wy + P1202Wy

QI = gblgl_l \/ 1-— p%Qngé ) (A18)

0

where ¢; = #—" is the Sharpe ratio of the index. Since (1wl +p1209wl)2+(1/1 — pPyoawl)? =
o?, in scalar form 67 = ¢;. The result in (A.18) has the same form if working under

the dividend basis following (A.16):

I— I—
Wi011 + Wy021

07 =0107" | wlgys +wloa, |- (A.19)

I—= I—=
Wi1013 + W50 23

Agent A is unconstrained and faces complete markets, so her market price of risk under

the market and dividend bases are given by:

04 :Q_l(#l -1, H2 =T, M3—7”),

¢1
$1—p12¢2 (A.QO)
V=61,
3(1—p2,)—d1(p13—p12p23)—d2(p23—p12p13)
V=P 1=py =P335 +2p12013p23

Oa=7"(1 =1, po—1, ps—r)

11 (C23032 — 022033) + ¥2(T12033 — 013032) + ©3(T 13022 — T12023)

—_

, (A21)

= = | 21(021033 — T23031) + 2(T13031 — 011033) + (X3011023 — 013021)

11(T92031 — 021032) + X2(T11032 — T12031) + 3(T12091 — T11022)
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where

¢ =013(02031 — 021032) + 012(021033 — T23031) + 011(023032 — 022033),
and z; = p; — r is the excess return on asset .

B.3 Optimal portfolios

Agent A is unconstrained, so her optimal portfolio proportions are given by
A= 2; (e —rl). (A.22)

Under the market basis the covariance matrix is ¥; = 0,0}, so

$1(1—p33)—d2(p12—p13p23) —P3(p13—p12p23)
o01(1—p2y—p23—p2,+2p12p13P23)

4= | U)o o) “dslon—puaps) | (429
02(1=pig—pis—P35+2p12013P23)

d3(1—p2,)—¢1(p13—p12p23)—d2(p23—p12p13)
L o3(1=pTy—Pis—P33+2p12013p23)

As for agent Z, I know from Cvitani¢ and Karatzas (1992) that w7, coincides with the

optimal portfolio in the incomplete market:

1,1

T = 71'%(,05 ) (A.24)

0

11



where ﬂé’t = (prs — T)/U%W 50

1 1 1
wy (xlwl REPI )

o? (w{)2+2p1201 UQW{M%—FU% (wé )2
I I
- wh (1] 2w , (A.25)

a% (w{)2+2p1201 azw{wé—&-ag (wé)2

0

The market clearing condition imposes that

Wt = TAVAL T TTVT ¢ (A.26)

where w; is a 3-dimensional vector with the i-th element equal to the value-weight of
stock 4 in the economy (w; = S;/ >3_, Si). Substituting the optimal portfolio weights

in the market clearing condition yields the following proposition:

Proposition A.1 In equilibrium, expected excess stock returns are as follows:

— [(pr = 1) (01 + pracaws)
—rf= —7r¢) (0w oW

H1 f g%wl Hr f 1W1 T P1,202W2

+ 2 (4 [cov(dRy, dRy)cov(dRy, dRs) — aicou(dRy, dRy)]

VAWr

—ws[cov(dRy, dRy)cov(dRy, dRs) — o3cov(dRy, dR3)])} , (A.27)
ps — 75 = wy0s + (1 — wy)cov(dRy, dRy) + w30} [Z(l - p%,g,)] : (A.28)
pr — 1y = wror + (1 — wy)eov(dRy, dR3), (A.29)

where p; and oy denote the drift and variance of the index and wy = wy + we. Result

12



for stock 2 is omilted as it is symmetric to stock 1.

Proof The market clearing condition imposes that:

Wt = TAV AL T T VTt

VA(CE3(p13fp12,023)0102+(132(p12*p13/)23)01+x1(*1+p§3)02)03) (14w (zrwiFaws)
(—1+Pf2+P%3—2p12013923+P§3)0f0203 oiwi+2p120100w1w2+05W5
_ VA(13(*p12p13+P23)0102+(w2(*1+pf3)01+w1(p12*p13p23)02)03) (—14v4)wa (z1w1 +Tows)
(f1+P%2+Pf3*2,012P13p23+p§3)010303 T otwit2p120102wiwa+oFw3 ’
V_A(-’ES(—1+P§2)0'10'2+(CE2(—P12P13+P23)0'1+$1(P13—P12P23)0'2)0'3)
L (*1+p%2+p%3*2p12p13,023+,0§3)01020§ i

(A.30)

where z; = p; — r are excess returns. Solving for xy, x5 and x3, I get:

*
Ty = (01 (0203w2w3 (,012P1301w1 — P2301W1 + P1302Wa — 012,02302002)
2 2 2 2
+V4 (Ulwl + 01202(,02) (0’10)1 + 2,01201020.110.12 + p130103wiWs + O5W, + p230203w2w3>)>

/ (I/A (O’%w% + 2p120109wWiwa + a%w%))

W30
= (w101 + wapr209) | 1 — 323 (w1p1301 + Wapa3oa
I
Waols 00
% [wio1(p12p13 — P23) — wWaoa(p12p23 — P13)] - (A.31)
I

13



I can also write z7 in terms of z7}:

1
%
Ty = B {01 (0203w2w3 (P12P13U1w1 — P2301W1 + P1302wW2 — p12p2302w2)

vaotwi
+va (o1w1 + praoows) (T7wr))}

=5 [:ﬁ(alwl + 017202w2)

w23 (wl[cov(de, dRy)cov(dRy, dRy) — 0cov(dRy, dRy)]
VA wr
—%[cav(d}%l, dRy)cov(dRy, dR3) — a5cov(dRy, ng)])] : (A.32)
1

For z3, I get

x5 = (03 (I/Ap130?wi’ + ow? (VA (2p12p13 + pa3) oowa + (1 + (—1+va) pfg) Ugwg)
2 2 2
+ToywW; (VAP23<72¢U2 + (1 + (=1 +v4) :023> 03w3>
+o100w1ws (2p12 (Vapasoaws + o3ws) + p13 (Vaoaws + 2 (=1 4 v4) pasosws))))
/ (VA (waf + 21201 09w1we + agwg))

= wrcov(dRy, dR3) + w303 {1 + Z—I(l - p§73)} , (A.33)
A

where

2,2 2, .2
= ojwi + 2p120102w1w2 + o5W5 + P130103W1W3 + P230203Wal3
7=
w1 + wo

= 07wy + wscov(dRy, dR3), (A.34)

with wy = wy + wo. Results for x5 are omitted as they are symmetric to ;.

Proposition A.1 tells us that holding variances and covariances constant, the non-

14



index stock excess returns are increasing in the relative wealth of passive investors. This
is due to the additional risk active investors are taking as they become more under-
diversified (compared with the case where they hold the market). It is highlighted by
the term of correlation between the index and stock 3. This is consistent with the
standard result from one period models of mild segmentation (see, e.g., Errunza and
Losq (1985).) I cannot however conclude from Proposition A.1 on the actual equilib-
rium effect of an increase in v7 as the variance and covariance terms are determined

endogenously in equilibrium and thus also depend on v7.

B.4 Proof of Proposition 1

Following Cuoco and He (1994), I can still use a social planner to derive equilibrium

prices, but the weight A\; will be stochastic:
U, = Et/ e 9= (logcas + Aslogers) ds. (A.35)
t

The consumption sharing rule is given by:

Cat
1=—"" (A.36)
)\th;
I define Agent j’s equilibrium share of world consumption as v;; = [‘Zwtt In equilibrium

the two agents must consume the aggregate dividend: ca; + ¢z = Dpy. Thus,

1 At
1% = —.
1+ STy

(A.37)

Var =

15



As in Basak and Cuoco (1998), the equilibrium state-price density &; is given by the

state-price density of the unconstrained agent A:

& =8us = "fAefét(VA,tDM,t)fl- (A.38)

To solve for equilibrium prices, I need to derive an expression \; and the related process

Vat. Sustituting cy4 and ¢z from (A.14) in (A.36), I get:

’%.Ag.A t/gA 0
p = A AAD A.
A /izfz,t / fz,o ( 39)

Solving (A.16), agent j’s state-price density under the dividend basis, gives:
&4 = Eoe™ ooty 07 (A.40)
where 0; ; = ?;751 and 1 is a vector of ones. Substituting (A.40) in (A.39) gives:

N = FA o [y 30 =03 s [ 0au-02.) 2 (A.41)
KI

Applying It6’s Lemma gives:

dA

Ttt = pxgdt + 6l>\¢dZD,t7 (A.42)

where
e = gﬁ,r,t(gz,t - gA,t)a (A-43)
5)\7,5 — (51715 - gA,t)' (A44)

16



Rewriting as a scalar process, I get:

where

dX;

At

ponedt + oy dZy 4,

O\t = \/@Lt - gA,t)/<gZ,t - gA,t),

—1— g7
dZxi = 05,0542 Dy

Remember that:

01 — 72
07
Therefore,
wi
— — ‘/L.Ii/
01 —0a=—=0 | Wl | —©
o7
0
Wi
—/7A = Xy
a0 —04) = —22 wé —
o7
0
o7
I
= Z1

— w I
|

~

[2 0
Tiwi (Wyos + Wi p120102) — Towy

15

T2 )

xs

T2

xs

I

33151,3 — T3

17

X1

4

T3

[Tow (wiof + wip120102) — T1w5 (W303 + W{p120102)]

(wio? + wlpiaoi0y)]

(A.45)

(A.46)

(A.47)

(A.48)

. (A49)




where 815 = pr303/01 = (w! pr3o103+wl pasoaos) /2. One can easily see that 8,07 = =

~to

and that ?lzg 4=

x
g

~

U\ = ?lz(gz — 5,4) =0.

Similarly,

SL’I —/
— -9,
91
i
= o) = 4| [11 Ty x3]5 7wy 2y 3] — o
T

Using the definition of v4 in (A.37) and applying I1t6 Lemma gives:

dva = p,dt +7, dZp,
where

_ 2 2
:ul/A - V.AVIO-)U

Oy, = VAVIO ).
In scalar notation this becomes:

dvg = p dt + 0,,,dZ),

Opy = —VAVIO ).

18

. Note that those results are basis invariant. I obtain:

58

~1

(A.50)

(A.51)

(A.52)

(A.53)

(A.54)

(A.55)

(A.56)

(A.57)



Applying 1t6’s Lemma to (A.38), I obtain:

dg 5 PuaDuOv 0D
? = - {6 + UDy — Ty + 4 MVAA | dt
o, | =
—/ 14
Equaling the terms to those in (A.16), I get:
v aDu O a0
VA
_ Tu
0 =op,, + : (A.60)

Va

B.5 Proof of Corollary 1
From (A.38) I can assert that § = 4. Thus, from (A.44), (A.55) and (A.60),

_ B Tu
QA:UDM+ >

= 0p, — V10,

= EDJ\J - VI(gI - gA)y (Aﬁl)
g Tbu_ Vg (A.62)
VA VA
- vr s _
0 = 0Dy + Z (O'DM - 01') . <A63)

Note here that @p,, is exogenous to the model (when defined relative to the dividend
basis), vr and v4 = 1 — vz are state variables and the other quantities are determined

endogenously in equilibrium. Denoting 0" = op,, the price of risk when there are no

19



indexers (v4 = 1, vz = 0),

= (07 -04) = -2 (0"~ 0z). (A.64)
B.6 Corollary A.1 to Proposition 1

Corollary A.1 In equilibrium, the share of aggregate wealth owned by the active in-

vestor follows the process:

dvg = py,dt +0,,dZ), (A.65)

where
Hoa = VAV%OE\» (A.66)
O\ = VAVIO), (A.67)

and oy is the volatility of the stochastic weight in the representative agent’s problem.

Proof Follows from the proof of Proposition 1.

Corollary A.1 illustrates that the equilibrium is not stationary. Since p,, , is positive,
over time the active investor will dominate, and v4 = 1 (v4 = 0) is an absorbing state
(in that case both p,, and o,, are equal to 0). This is a standard feature of models
with constrained investors; the unconstrained one will dominate over time since both
agents have the same preferences but differ in their investment opportunity sets. Thus,
in its current form, the model cannot explain the rise of indexing of the past decades.

A richer model could generate the observed level of indexing as an endogenous outcome

20



in a general equilibrium setup. For example, this could be done by adding frictions
such as the incremental cost of active investing and allowing one rational agent to
invest both passively and actively at the same time, as in Petajisto (2009). However,
the additional complexity is not necessary for the current discussion. The current form
of the model provides valuable insight on stock prices dynamics for given levels of

indexing, which is the purpose of this paper.

B.7 Proof of Proposition 2

In this section, I derive the dynamics of each stock’s price process.

Since both agents have time-additive log utility, it follows from the first order
condition of the HJB equation that the aggregate stock market value Sy = S1: +
Sor 4+ S3+ = Dyrt/0, and thus aggregate stock market value is independent of the
relative wealth of agents.®

The price ;¢ of stock ¢ at time ¢ is the expected value of future dividends discounted

using the stochastic discount factor of the representative agent ¢ defined in (A.58):
o[ &
Si,t == Et *Di’TdT . (AGS)
t &
Using the results from equations (A.14) and (A.38), I have

-1
/ e0r D <0AT> Dm—dT] . (A.69)
t CA

°For infinite horizon log utility, J(t,w,z) = b‘%T“’ + f(t,xz). The FOC of the HJB equation is

Si,t = LI

u'(¢;) = Jw,, which yields ¢; = w;é. In the current setup, the representative agent must consume the
aggregate dividend and own the aggregate stock market, thus c4 + ¢z = Dy and wy + wz = Syy.

We thus have that Sy; = Dy /0.
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From (A.37), I have:

Dy
= — A.70
AT TN (A.70)
thus
CA,r DM,T 1+ )‘t . '
Substituting this last result in (A.69), I obtain:
00 14+ A
Siy = DyiiE / S A
== DM,tfi,t7 (A?Q)

where

o 14+ A
iw=F / S d
f7t t[t € 1+>\t8’ T

1 oo A o Ar
E {/ e_é(T_t)si,TdT] + -t R, [/ e_é(T_t)—si,TdT (A.73)
t t

ST Vi 1+ N\ ¥
VAL szjt VTt fz

7,t

= varfiy +vif (A.74)

Note that in a world without constraints, A; is constant and we thus have f;; = fﬁ

Alternatively, I can get this result by setting v4; = 1 and vz; = 0.

B.8 Solving for fﬁ

f;f} depends on the relative share of the aggregate dividend of each stock, s;, as defined

in (A.7). Therefore,
Dy
Dy

(A.75)

Sit =
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To fully characterize the relative weights of each dividend stream two of those s; are

sufficient, so I need two state variables. Using It6’s Lemma, I obtain:

dsZM . B
ST = [UDAI (UDM - O-Di):| dt

+ (&p, —op,, ) dZp,
which after simplification yields
ds; = ps,dt + 7, dZp,
where

2 2
s, = SiS_; [—siaD + 507, + (8i — s,i)pDiDﬂaDaD%} ,

Ts, = $i5-i(Gp, — 0p_,),

and D_; represents the dividend stream of the other two stocks combined.

Sit
s_i,t’

it follows from Itd’s Lemma that:

Defining y; ; = log

where

1, L,
My, = [NDi - QUDZ} - {MDi - 20Di] )

Oy, =0p; —0p_;-

In scalar form,

dy; = py,dt + o,,dZ,,,

K3
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(A.77)

(A.78)

(A.79)

(A.80)

(A.81)

(A.82)

(A.83)



where

Oy = \/(EDi - ED—i)laDi —0p_,

= \/‘7121 +0%_. = 2pp,p_,0D,0D_,, (A.84)

Zy = 0,7 dZp. (A.85)

Yi

From Cochrane, Longstaff, and Santa-Clara (2008), I know there is a closed-form
expression for f;é if y; is the only relevant state variable (v4 is irrelevant for f;é). In
the present case the moments of the dividend process of portfolio —i also depend on
the relative dividend of the two stocks in that portfolio, i.e. y; depends on Dy/Ds. So
f;"} depends on two state variables representing the relative dividend processes. Let’s

A

use y; and ¥, as the state variables. Note also that since 7, 71 = 5, we only need

1
R
to solve for two ¢ to get the third one. We'll solve for ¢+ = 1,2 so the functions will be

symmetric. Here I show the derivation of f}. Note from (A.77) that s; = 0 and s; = 1

are absorbing states, so we obtain the following boundary conditions:

Jim £ =0, (A.86)
1
m AL
Jim g =5 (A.87)
Jim f = 0. (A.88)

The boundary condition lim,, , f{‘}t is less obvious because in that case asset 2 be-
comes irrelevant, so fft converges to the Cochrane, Longstaff, and Santa-Clara (2008)

case. From the Feynman-Kac theorem, we can transform the problem to a PDE rep-
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resentation:

o* fi' ofit ofit 1

A
— =

1L 1L 0
e 9

20741 oy? 20y2 o2 Y y2 D10 + Hy, e + [y, Em

(A.89)

where

2
S9 — 8182 — S
Ky, = — [ 2] (1 - pD)02D7

(1 —s9)?
fyy = — [W] (1= pp)op,
‘751 =12- 2(82&?:)2_ Sg)] (1 - pp)op,
R
I 2(1 1 s (—3(—1; %9;)1)—(35_2 ;0—2)25182 + 25%)] (1— pp) o>

Following Bhamra (2007), I use a perturbation expansion of the form:
= teffi+eEfis+. .. (A.90)

Defining pp = 1 — 2€2, I get:

1
A
Fto= J+euf’
ff}l = 07
A eV (1 —e¥ (—1+51)2+ 57 +2s (=1 +82) +2(—1+ s2) 82) 0%
b2 (14 ev1)® (=1 + 1) 262 ’
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After simplification, I obtain:

1 — 31+ 257 — 289 + 2 252) (~1 2
ff“:s(;—‘*( 51+ 25 52255152+ ) (CLEP)9D 4 o) (a0

B.9 Solving for ft

Remember that

o) )\T
fF=F l / e 0T T, dr |, (A.92)
’ t )‘t

which depends on 4, y2+ and va¢ = ﬁ/\t Note that A is a local martingale and that
assuming o, is bounded, then it is an exponential martingale. I can then define a new
measure:°

P'(Ar) = Ey[1a, 7], Vt, T €[0,00) t<T. (A.93)
With this change of measure,
fE=E" [/ e 0 g, dr| . (A.94)
’ t

From (A.94), it follows that fft satisfies a BSDE. The coefficients of the BSDE will
depend on z/iﬁ, which satisfies a FSDE. Together they form a FBSDE. The Feynman-

Kac theorem still applies thus fZIt satisfies the following inhomogeneous elliptic PDE:

POUT w0 O L AT L P L, PO
Y1 Oy, Y2 Oyq "Aua 27 Oyr 0 2 2 0yE 2 A OV
a?fI 82fz 82f1 1
) — 1 — — 1 — — 1 T
v 1 - — — O7
M Oy10ya T o0 Tvs Oy10v 4 T 70 0vs Oya0v 4 Piv +eut

(A.95)

6See pages 28-29 of Karatzas and Shreve (1998) for details.
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where

— —
Uy1 vy

) —
UyQJVA

= = = =
O'yla')\—O'DIO')\ (

— = = =
UyQUA_UDQUA (

= oy +6;15)n

= [y, + Ty, 00,

Mo 4 +E:’AE>‘
_I/./24(1 - U-A)O./Q\a

= —I/A(l — VA)EQME)\’

= —IJA(l - VA)5;2E)\,
52 .
— (1=
1— 51> TDy 7 ( 1

L )a’ o —(1—
1—sy) P72 1

52

)
_81> 3 )
51 )o’ o\

D .
— S 3

Note that o7, also depends on o3 and that 7y (and 03) depends on the endogenously

determined 7.

B.9.1 Boundary conditions

The required boundary conditions are the following:

lim ff, =0
Y1 —>—00 fl’t ’
1

lim f%, = -
Y1—00 fl’t 6’
lim %, =0
Y2—+00 fl’t ’
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Finally, when yo — —o0, then the second dividend tree becomes irrelevant and fIIt
converges to the case of Bhamra (2007). The other boundary conditions are justified

as follows:

L. limy, o f{, = 0 and limy, o fT, = 0: When y, — co, I must be that y; — —oo.
When y; — —o0, the first dividend stream becomes irrelevant so investors aren’t

willing to pay anything to own the stock.

2. limy, o fIIt = %: In this case there is a single dividend tree and complete markets

(the constraint becomes irrelevant), so:

S == = DM(VA,tff}t + VI,tflz,t)’

1 1
= 5 T VA (6) + (1= van)fl, = fis

3. lim, , 1 vz fft = 0: When v4 = 1, agent A, which faces no constraint, consumes
all dividends so markets are complete. Therefore fl,t‘ L= f#A so this boundary
VA= ’

condition must hold.

aft . ..
aﬁ; =0: As vyq — 0, indexers consume all dividends. However, they have a

v =0
worst investment opportunity set than active investors, so this can’t hold for more

than an instant. fft is also bounded by 1/§, which occurs when indexers consume
all dividends. Because fIIt cannot grow outside the domain of vy = 0, the
Neumann condition must be a reflecting boundary condition where the derivate
is equal to 0. Therefore this boundary condition must be a reflecting boundary

condition.
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B.10 Matching moments

I now have expressions for both f;f} and fZIt I have a closed form expression for f;ﬁ that
depends on exogenous parameters and state variables, which is easy to evaluate nu-
merically. For fft, I have a PDE that can be approximated. However, the current form
of that solution depends on the endogenously determined @ because of the dependence

on . I have that S;; = D4 fi+, so:

dS; = Dydf; + fid Dy + df;d Dy,

dS; df;  dDu _dfidDy

=Yy v , A.101
S; fi Dy fi Du ( )

where

dD _
M — pdt +7,dZ,
Dy

and Gp = $10p, + $20p, + (1 — 51 — $2)Tp,. I know that f;, is a function of exogenous

parameters and state processes s, sy and vy, therefore from It6’s Lemma I get:

. dfi dfi df; } 2 azfz‘ 2 anz' 2 82fi
df; = [MVAaVA T sy sy T sy D5y + 9 ( vA aVi‘ + o 88% + 05, 85%
a2f a2f an
2i/ — ] 27/ — 1 2—/ — 1
1200, Ov 405, T 200,05 OV 4059 + 205,05 051059 dt
_ofi _ ofi  _ Ofi] —
+ [GUAM+0518&+0828&] dz. (A102>

From the definition of stock return process, I also have that:

(2

ds, D _
L= — = dt+7.dZ Al
S [u, S} +7dZ, (A.103)
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where

i = } [MVA;]Z - uslgﬁ + s, gsf; + ; < 5 gi‘g +o? (ZZJ; +o2 (?923];
2 r 2 r 2 ¢
+2U/”A051654]621 Ulvﬂwaigﬁ + 20, 0, 0?1 gj;;?)
+ (oyAgyJZ + 7., gf 1 - %Si)loz)] + pip, (A.104)
o = }Z [am;ﬁ: +aslg£ +JS2S§;] +Tp. (A.105)

Note that the expression I have for 7, from (A.44) is a function of both & and the
equilibrium price ratio fi/fs, since wi = 1+ fi/fo and wl = 1+ fo/f;. 1 first use
the definitions of @ and @, to create perturbation expansions of these moments as a
function of fi, fo, f3 and their own expansions. Substituting these expansions in the
PDE (A.95), I create a perturbation expansion of the PDE, and then solve by equating

terms in the different powers of €. The result is the closed-form approximation

1
(81 + S92

_ rA
ft=f+ 2 T (2(—1 + s1+ 82) (—32 +2 (Sf +s1(=1+s2) + 33))
+ (514 52) (14257 +2 (=1 4 s2) 52+ 51 (=3 + 252) ) wa) (1 = pp) 77 + O(e*).

(A.106)

As in the unconstrained economy, I find ff by symmetry and f5! by ff = % — ff—f£.
A drawback of the use of a perturbation expansion is that it is impossible to guarantee
that the boundary conditions will be satisfied. It is easy to see that in this case
(A.100) is not satisfied, which means that the approximation will not be valid in the

neighborhood of v4 = 0. Since this region is not economically important for the current
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analysis,” this does not pose a problem as long as the analysis focuses on values of v 4

that are away from that boundary.

C Vector notation

This section introduces the two different vector bases I use in the proofs. While not
a necessary read, this section is a useful appendix for understanding the proofs. The
reason for using different bases is to simplify certain steps of the proof. Steps involv-
ing stock returns are easier to solve under the market basis. However, when solving
for equilibrium stock return dynamics, the dividend basis is more appropriate. The

dividend processes in (A.1) can be represented as a vector:

dD

. . aD; . . .
where dD—Dtt is a vector with =% as the ¢-th element and dZp, is a vector with dZp,, as
7, ’

the i-th element. Since the dZp,, can be correlated, we can represent the correlation

matrix of dZp, as

1 pp pp

Co.=1|pp 1 pp

| pp pp 1

Stock returns in (A.4) can also be represented in vector notation:

th = /Ltdt + O'tdZt,

"va = 0 corresponds to the case where the aggregate wealth is fully owned by the indexer, and
the remaining active investor still has to hold the share of the non-index stock. The realization of

such a scenario seems highly unlikely.
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where dR;, ;i and dZ; are vectors with dR;;, p;; and dZ;; as the i-th element and o
is a diagonal matrix with o;; as the ¢-th diagonal element. The dZ; BM are correlated

with correlation matrix:

1 priz peas
Ci = peaz 1 pros
| Ptz Pr2s 1 ]

C.1 Rotation matrix

It is often easier to deal with independent Brownian motions (BM) than correlated
ones. It is possible to transform a multivariate BM to a vector of independent BM
using a rotation matrix. Under that transformation, drifts, variances and covariances
of 1to6 processes are invariant. Consider the three-dimensional multivariate BM Z =

|Z1 Zy Zs]" with correlation matrix:

1 P12 P13

C= piz 1 pos

i P13z pa3 1

Using the Cholesky decomposition, we can construct a rotation matrix K to transform
Z into a three-dimensional vector of independent BM. From the Cholesky decomposi-
tion, we get the lower triangular matrix L such that LL' = C. The matrix L is often
used to generate correlated BM from independent ones such that 7 = LX. In this

case, I am interested in the inverse process: X = KZ where K = L.
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Applying the Cholesky decomposition to the matrix C,

K =
1 0 0
_ P12 1 0
V 1-p?, V 1-p%,

P13 —pP12p23 —pi12p13+p23 1
P 2
\/(lfpfz)(17P§279?34“2912/’1392379%3) \/(17P§2)(179%*P%3+2912P13923*P§3) \/1+ P13 2p121i132"23+/’23

TP

(A.2)

Changing the set of BMs using a rotation matrix is called a change of basis. Drift
terms, total variances and covariances between processes are invariant under a change
of basis. Note that if the initial BM are uncorrelated (correlation terms in C' all equal

to 0), then the rotation matrices L and K collapse to the identity matrix.

C.2 Dividend basis

The BM driving the dividend processes described in (A.1) are correlated. Consider
Lp,, the lower triangular matrix from the Cholesky decomposition of Cp,, and it’s
inverse Kp,. Then I can rewrite (A.1) as:
dé)tt = updt + opdZp,
= updt +opLpZp,

= ppdt +opZp,,

where 0p = opLp and Zp, = KpZp,. This transformation yields a new basis that I
call the dividend basis. The variance matrix under the dividend basis can be written

as:
1 0 0

ap=| pp 1-p% 0 . (A.3)

vI—pD, 2
pp VTR \[3 =200 —

C.3 Market basis

Similarly, the BM driving the market return processes in (A.4) might be correlated as

they are determined endogenously. Consider L;, the lower triangular matrix from the

33



Cholesky decomposition of C;, and it’s inverse K;. Then I can write:

th = ,utdt + UtdZt
= pdt + oy LydZ,
- tht + QtdZt7

where 0, = 0,L; and Z, = K;Z;. This transformation yields a new basis that I call the

market basis. Under this basis,

01 0 0
o p120s /1= pia0n : (A.4)
—2 +
01303 P12p13+,023 \/1 Pis PliP13P23 P33 o3
912 +PTs

Note that the return process can also be written under the dividend basis as:
th = ,utdt + EtdZD“
where 7,dZ p, = 0,dZ; = 0,dZ,. 7; has the generic form:

011 012 013
O = | 021 T2 0923 |- (A.5)

031 032 033

However, this leaves 9 unknowns to solve for in ; (it is a 3 X 3 matrix), whereas the
known structure of g, leaves only 6 unknowns to solve for, namely o4, 09, 03, p12, p13

and P23.
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D Figures and Tables

Figure A.1. AVERAGE COMOVEMENT OF S&P 500 STOCKS FROM 1957 TO 2017
- UNIVARIATE REGRESSIONS
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This figure presents the average annual comovement s of S&P 500 stocks from 1957

to 2017 estimated from the univariate regressions:

_ univ
Rji = aspsoo; + Bj.5ps00,:Lispso0, + tspsoo,e
uUniv
R+ = anonspsoo,j + j7nonSP50()7tRnonSP500,t + UnonsP500,j,ts
The sample includes stocks in the index on the last trading day of the year, using

returns from the following 12 months.
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Table A.1. CHANGES IN COMOVEMENT ON LAGGED CHANGES IN PASSIVE
OWNERSHIP - UNIVARIATE REGRESSIONS

This table presents regression estimates of changes in average comovement for S&P 500
firms (ABEREY,, and ALY ps0,) on lagged changes in passive ownership (APQ) and
on ABmv ) the lagged value of the dependent variable. The dependent variables are
the changes in average 3*"s. Comovement 3“"’s are estimated from the regressions

univ univ
Rji = aspsoo0,j + B;8ps00.4 Fsps00.t + Uspso0gt it = Qnonsps00,j 1+ B nonsps00.t FnonsPs00,t + UnonsP500,.t5

where Rspsoo+ is the value-weighted return of the S&P 500 stocks portfolio (excluding
stock j) and Ryonspsoo+ is the value-weighted return of the rest of the market. Comove-
ment s are estimated based on index membership at the end of December, using daily
returns for the following 12 months. PO is total passive assets under management
divided by the total CRSP market capitalization and acts as a proxy for the relative
wealth of indexers. Newey-West standard errors based on three lags and standard er-
rors based on a moving block bootstrap with three lags are presented in parenthesis and
square brackets, respectively, and bootstrapped p-values in italics. The bootstrapped
distribution is based on 100,000 samples. The sample period is 1985 to 2017.

ABSP5OO,1‘/ A/BnonSPSOO,t

H» @ 6 @& 6 ()

Intercept  0.006  0.005 0.007 0.001 -0.014  0.002
(0.01) (0.01) (0.01) (0.03) (0.03) (0.03)
0.6/ 0.68 0.62 096 0.60 0.95

APO,; -1.735 1671 -9.924 -9.872
(2.30) (2.79)  (8.86) (8.61)

0.46 0.55  0.27 0.26

Ay -0.227 -0.225 0.053  0.047
(0.17)  (0.16) (0.13)  (0.10)

0.19  0.17 0.68  0.65

Adj. R -0.021 0.016 -0.007 0.026 -0.030 -0.005
N 32 32 32 32 32 32
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